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Abstract-The Brinkman model is used for the theoretical study of boundary effects in a natural convection 
porous layer adjacent to a semi-infinite vertica1 plate with a power law variation of wall temperature, i.e. =&xX”. 
It is shown that the dimensionless governing equations based on this model contain two parameters 
c = (Ra)- ‘I2 and e = (~u/~)“* where Ra and Dn are the Rayleigh number and the Darcy number based on a 
reference length and 4 is the porosity. For the limit of & -+ 0, (r + 0 and (F << 6, a perturbation solulion for the 
problem is obtained based on the method ofmatched asymptotic expansions. The physical problem can then 
be visualized to be consisting of three layers : an inner viscous sublayer, adjacent to the heated surface, with a 
thickness of the order of O(u) ; a middle thermal layer of thickness of the order of O(e) ; and the outer potential 
flow region with thickness of the order of O(l). It is found that the first-order problem of the thermal layer is 
identical to that based on Darcy’s law with slip flow, whose solution was obtained previously. Composite 
solutions for stream function and temperature, uniformly valid everywhere in the flow field, are constructed 
from the solutions for the thermal layer and the viscous sublayer. A new parameter Pn,, defined as Pn, = 
(Ra,f?ax)1~2 with Ru, and Da, denoting the local Rayleigh number and the local Darcy number based on X, is 
found to be a measure of the boundary effect. It is shown that the viscous effect on the boundary has a drastic 
effect on the streamwise velocity component near the wall with a lesser effect on heat transfer characteristics. 
The boundary effect slows down the buoyancy-induced flow with a resulting decrease in heat transfer. The 
local Nusselt number is found to be of the form NuJ(Ra,) “’ = C, - C,Pn, where the values of C, and CZ 
depending on 1. For an isothermal vertical plate(il = 0), the first-order correction to thelocal Nusselt number 
is identically zero, i.e. C, = 0. In general, the boundary effect on the local Nusselt number becomes more 

pronounced as the value of Pn,, Ra, or Da, is increased. 

1. INTRODUCTION 

WITH a few exceptions, most of the published 
theoretical work on convective heat transfer use 
Darcy’s law as the momentum equation [l]. It is well 
known that Darcy’s law is an empirical formula relating 
the pressure gradient, the bulk viscous resistance and 
the gravitational force in a porous medium. Thus, the 
formulation ofconvective heat transfer problems based 
on Darcy’s law completely neglects the viscous force 
acting along the impermeable surface. Mathematically, 
since the order of Darcy’s law is lower than the Navier- 
Stokes equation, the no-slip boundary condition is not 
required to be imposed on the impermeable boundary. 
The inability to satisfy the no-slip boundary conditions 
has aroused some concerns in the past as to whether 
Darcy’s law is indeed adequate for the formulation of 
convective heat transfer problems in porous media. 

For flow through a porous medium with a high 
permeability, Brinkman [2] as well as Chan et al. [3] 
argue that the momentum equation for porous media 
flow must reduce to the viscous flow limit and advocate 
that classical frictional terms be added in Darcy’s law. 

This ad hoc equation has since become known as the 
Brinkman model. It was derived more rigorously later 
by Tam [4] and Lundgren [S]. The Brinkman model 
was used by Chan et nl. [3] to study convective heat 
transfer in an enclosed gas-filled porous medium. It was 
also used by Katto and Masuoka [6] as well as by 
Walker and Homsy [7] for the studies of onset of free 
convection of liquids in a porous medium bounded 
between parallel plates and heated from below. In 
particular, Walker and Homsy [7] found that the 
critical parameter for the onset of free convection 
depends on the Darcy number Da, defined as 
DIZ = K/H* where K is the permeability of the porous 
medium and H is the distance between the parallel 
plates. Based on the Brinkman model with no-slip 
boundary conditions imposed, Rudraiah and 
Masuoka 181 have studied convective heat transfer in a 
horizontal porous layer heated from below with a free 
surface at the top. With the assumption that convective 
terms in the energy equation are negligible, the 
resulting linear equations were solved analytically 
based on the method of matched asymptotic 
expansions. It is found that the no-slip boundary 
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NOMENCLATURE 

A constant defined in equation (SC) 

A, constant defined in equation (87) 
Be, B,, B, constants given by equations (62), 

(73) and (91) 

C,,C, constants given by equation (132b) 
Da, D,, D, constants given by equations (67), 

(85) and (104) 
Da 

Da, 

Darcy number based on 1,&r = K/f2 
local Darcy number (K/x’) 

X dimensionless coordinate along the 

plate, X/L 
x dimensional coordinate along the 

plate 
X dimensionless coordinate in the 

thermal layer, x 
r? dimensionless coordinate in the 

viscous sublayer, X 

f dimensionless coordinate 
fe,f& dimensionless perturbation stream perpendicular to the plate, FjL 

functions in the thermal layer v dimensional coordinate 

9 gravitational acceleration perpendicular to the plate 

90, YI? 92 dimensionless perturbation Y dimensionless coordinate in the 

temperature functions in the thermal thermal layer, y/e 

layer P dimensionless coordinate in the 

H distance between two parallel plates viscous sublayer, Y/f. 

K permeability of the porous medium 
k thermal conductivity of the saturated 

porous medium 

L a reference dimensional length 
1 dimensional length of the plate 

m local Nusselt number, gX/k(TW- ?&) 

Nu average Nusselt number, 

P 

Pn, 

Pn 

& 
R% 

Ra 

T 

Q,‘k(T,--T,) 
pressure 

J #JpL? -* 
no-slip (boundary) parameter based 
on 1. 

\i 4P 
total heat transfer rate 
local Rayleigh number, 

P,KPY(%- %).&a 
Rayleigh number based on L, 

prnWQA~*‘/~~ 
dimensional temperature 

Greek symbols 

; 

equivalent thermal diffusivity 
thermal expansion coefficient of fluid 

l- perturbation parameter, Q/F 

& pertur~tion parameter, (Ra)- *I2 

: 

similarity variable, XC”- W* Y 
dimensionless temperature in the 
thermal layer 

0 dimensionless temperature, 

(T-Ti;,)/ALA 
;1 prescribed wall temperature 

parameter 

IJ viscosity of fluid 

P density of fluid 

a 

dimensionless parameter, Da/# 

porosity 

J/ dimensionless stream function, 

~~/~~gK~A~+ 1 
4i; dimensional stream function 

Y dimensionless stream function in the 

thermal layer, $/a 

u dimensionless velocity in the x- 
direction Superscript 

C dimensional velocity in the x- dimensional quantities. 

direction 
v dimensionless velocity in the y- Subscript 

direction co condition at infinity 

lIj dimensional velocity in the y- W condition at the wall 

direction C composite solution. 

condition has important effects on the streamwise a heated plate embedded in a porous medium. Vafai 
velocity near the impermeable surface but its effect on and Tien [9] defined a momentum boundary layer as 
temperature distribution is negligible. thelayer adjacent to the impermeable surface where the 

Using the volumetric averaging technique, Vafai and viscous effect on the surface and the bulk viscous force 
Tien [9] have extended the Brinkman model to include are equally important. Theexistence of the momentum 
the inertia effect. The resulting equation was solved boundary layer near the heated surface was shown to 
numerically for the problem of forced convection along retardthestreamwisevelocitynearthewall,resultingin 
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a decrease of the surface heat flux. The effect is found to 
be most pronounced near the leading edge and in a fluid 
with a high Prandtl number. 

The Brinkman model with the addition of the 
convective terms and under the boundary-layer 
approximation was used by Evans and Plumb [lo] for 
a numerical study of free convection about an 
isothermal vertical plate in a porous medium. Their 
numerical results show that the value of the local 
Nusselt number is in agreement with the Cheng- 
Minkowycz theory [ 111 (based on Darcy’s law) if the 
Darcy number based on the length of the plate is less 
than 10.. 7. For higher values of the Darcy number, they 
found that their numerical results for the local Nusselt 
number are slightly smaller than those given by the 
Cheng-Minkowycz theory [ 111. 

In this paper, we shall re-examine Cheng and 
Minkowycz’s problem based on the Brinkman model 
and the method of matched asymptotic expansions. It 
will be shown that the dimensionless governing 
equations contain two small dimensionless parameters 
E and o, where E = l/(Ra)“2 and (r = (~a/~)“* with Ra 

and Da (defined later) as the Rayleigh number and the 
Darcy number respectively. The problem can then be 
considered to consist of three layers: the inner viscous 
sublayer with a thickness of O(o) which has been called 
the momentum boundary layer by Vafai and Tien [9] ; 
the middle thermal layer with a thickness of O(E); and 
the outer potential region with a thickness of 0( I). For 
the case of G/a <c 1, which is the case that usually exists 
in geophysical and engineering applications, the 
thickness of the viscous sublayer is smaller than that of 
the thermal layer. By the method of matched 
asymptotic expansions, it is shown that the governing 
equations for the thermal layer are identical to those 
using Darcy’s law as the momentum equation, while 
those for the inner viscous sublayer are governed by 
another set of simplified equations with no-slip 
boundary conditions and thermal boundary condi- 
tions imposed. The solutions for the thermal layer 
and the viscous sublayer are then matched at the 
interface, thereby resulting in a uniformly valid 
solution. The eigenfunctions associated with the 
thermal layer are found to be identical to those given in 
a previous paper [ 121. Since the constants associated 
with the eigenfunctions cannot be determined without 
a detailed analysis of the leading edge effect, the 
perturbation series for the thermal layer is truncated to 
the term which the leading edge effect begins to appear. 
A new boundary friction parameter Pn, (where 
Pn, = [K’p,g( r, - T,)/&Lcxx]‘~~), defined as the local 
thickness ratio of the viscous sublayer and the thermal 
layer at X, emerges in the present analysis as the 
governing parameter for the boundary friction effect. It 
is shown that this effect tends to decrease the heat 
transfer rate, and that it becomes more pronounced 
when the prescribed wall temperature deviates from 
that of the isothermal. Although the boundary friction 
has no effect on the local Nusselt number to the first- 
order approximation, its effect on the average Nusselt 

number depends on the value of P,, the boundary 
friction parameter based on the length of the plate. 

2. FORMULATION OF TiiE PROBLEM 

Consider the problem of steady, two-dimensional 
free convection in a porous medium adjacent to a 
vertical semi-infinite plate. Under the ass~ptions that 
the porous medium is in local thermal equilibrium, the 
properties of the fluid and the porous matrix are 
constant and isotropic, and the Boussinesq approxima- 
tion is applicable, the governing equations with inertia 
and thermal dispersion effects neglected are 

a,+ii,= 0 (1) 

P=PmCl-Bfk--RJI (4) 

uTz+t?!Q = Lx@&+ T&) (5) 

where X is the coordinate placed on the vertical plate 
and jj is the coordinate perpendicular to the plate and 
pointing toward the porous medium. ii and V are the 
Darcy velocities in the % and y-directions; pm, /3 and p 
are the density of the fluid at infinity, the thermal 
expansion coefficient of the fluid and the viscosity of the 
fluid; g is the gravitational acceleration; K is the 
permeability of the porous medium ; 4 is the porosity ; a 
is the equivalent thermal d~usivity of the porous 
medium; and i’ is the temperature. It is relevant to 
mention that equations (2) and (3) are the Brinkman 
model for porous media flow. 

Eliminating p between equations (2) and (3), and 
expressing the resulting equations in terms of the 
stream function 9 and temperature F, yields 

(6) 
-- 

or(i-&+ 5$T) = T+- q&k, (7) 

where the stream function 11; satisfies 

ti=$F and V=-$?. (gab) 

Ifthe temperature ofthe semi-infinite vertical surface 
is a power function of distance from the leading edge, 
the boundary conditions at the wall are 

y=O,~~O:lij=t&=O, Tw=Tm+A2” 

CWv) 

jj=O,X<O:$=r7i,-=0, rw=Tm. (lOa,b,c) 

where equations (9b) and (1 Ob) are the no-slip boundary 
conditions and Tb, is the temperature at infinity. The 
boundary conditions at infinity are 

y-+co; gF=o; r=TW. (lla,b) 
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We now introduce the following dimensionless 
variables 

(12) 

where L is a reference Iength. IR terms of these 
dimensionless variables, equations (6) and (7) become 

li/,, + tlf, = 0,” + ~z(~x.~xP + 24Q.V + S,,,V) (13) 

i?(f& -I- rt,,) = O&,- a,$& (14) 

and boundary conditions (5+-o-( 1) become 

$(&O) = 0, $,(x,0) = 0, @(x,0) = x1, x > 0 
(1 Sa,b,c) 

$(.x, 0) = 0, 3/,(x, 0) = 0, 0(.x, 0) = 0, x < 0 

(16ahc) 

l&(x, m) = 0, &.x, 03) = 0, fl%bf 

In equations (13) and {14), E = (Ra)-“@ and d 
= (Da/~)~j2 with Ra = p~~~~A~~ ‘/pa and Da 
= K/l? where both E and D are small dimensionless 
parameters. For the case when c cc E or F = O/E cc 1 
which exists in most of the geophysical and engineering 
applications, the problem then consists of three layers 
with the innermost viscous sublayer of thickness O(a), 
the middle thermal layer of thickness O(s), and the outer 
flow region of thickness O(1). Note that equation (13) 
states that the flow vorticity $,, + II/,, is generated by 
the thermal gradient Q,, and viscous shear a’($,,, 

+ 2!&, -f-t,&,,,,). It follows that the outer region where 
thermal gradients and viscous shear vanish, is a 
potential flow region. Equations (13) and (14) become 
singular as E -+ 0 and c + 0 since the highest order 
terms in these equations vanish under these limits. 

Governing equations for thermal boundary layer 
Toincorporate the thermal gradient effect, westretch 

the horizontal scale based on the thermal boundary- 
layer thickness which is of O(e), i.e. 

Y = y/a and X = x. (18) 

The work of Cheng and ~inkowy~~ ft I] suggests that 
when ft = qI~inthetherma1 boundary~ayer,~~sof~~~. 
Thus, the dependent variables in the thermal boundary 
layer that are of O(l) are 

@ = @, y = $f/E. 091 

In terms of these variables, equations (13) and (14) 
become 

C20~~+“0,, = oxY,-o,Y-yx tw 

where F = g/t: = ~~~2~~~~~~~~~~ -“) is the ratio of 
the viscous iayer thickness to the thermal layer 
thickness. In equations (20) and (21), the first term with 

.s* represents the effect of outer inviscid Row on the 
thermal layer while terms with F represent the effect of 
viscous layer on the thermal layer. Thus, letting I = 0 is 
equivalent to neglecting the viscous layer effect, as 
discussed by Cheng and Hsu [ 121 in a previous paper. 
In the present study, we shall neglect the effect of outer 
Aow and consider only the interaction between the 
viscous layer and the thermal layer. For this reason, we 
let e = 0 in equations (20) and (21) which leads to 

Yr, = O+rZYyryy (22) 

@,, = G&y, - oyulg. (23) 

Equations (22) and (23) are the approximate equations 
for the thermal layer, which will be solved subject to the 
following boundary conditions 

Y-tco, Yr=O=O (24) 

Y + 0: Y and@match with thesolutionfortheviscous 
sublayer. (25) 

~~ve~~~~~ eq~atio~s~~r the vi.scous sub~ffy~r 
To examine the viscous effect near the heated surface, 

we shall stretch Y further by length scale F so that 

_,? =X and i’= Y/F. (2Mb) 

In the viscous sublayer, we expect $ is small, and 0 
remains to be ofO(1). Hence, the dependent variables in 
the viscous sublayer are 

‘% = $/G, t% = # and therefore f3 = Y/I. (27a,b,c) 

Equations (22) and (23) in terms of the viscous 
subtayer variables given by equations (26) and (27) are 

9?,- = @),: + 92t;; (28) 

@it = IQ[@#,-G@i]. (29) 

Equations (28) and (29) are the approximate equations 
for the viscous subiayer, which are to be solved subject 
to the following boundary conditions 

3$(X, 0) = 9(X, 0) = 0 (30) 

@(8,0) = 8” (31) 

and 3 and 6 must match with the solution for the 
thermal layer to the appropriate order. 

3. SOLUflONS BY MATCHED 

ASYMPTOTIC EXPANSIONS 

For the thermal layer, the following series 
expansions wilt be made : 

qx, Y;rJ = Yo(X, Y)+“I-Y,(X,Y) 

cI%I’~(X,Y)+O(F~) (32) 

0(X, Y; I-) = 0,(X, V) + l-Q~(X, Y) 
-t- r*cqx, r)+o(r3). (33) 

Substituting equations (32) and (33) into (22) and (23) 
yields the following first-order problem 

y OYY - - @or (34) 
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0 OYY = @oxYor -@or~‘,x (35) 

subject to the boundary conditions 

Y&X, co) = 00(X, co) = 0 (36a, b) 

and Y’, and 0, must match with the solution for the 
viscous sublayer as Y-+ 0. 

The second-order problem for the thermal layer is 

Y - 01, 1Yr - (37) 

0 1yy = ~,,Y’ou-~~vY’,,+~~xY’l,--o,,Y,x 
(38) 

subject to the boundary conditions 

Y1r(X, co) = 0,(X, co) = 0 (39a,b) 

and Y’, and 0, must match with the solution for the 

viscous sublayer as Y + 0. 
The third-order problem for the thermal layer is 

Y 2YY = %r + YWW (40) 

0 ZYY = %xY’,,Y’,, + @ZXY’,, 

-(oovY~,+~,,Y,,)-(~,,Y’,,-~1xY1Y) (41) 

subject to the boundary conditions 

Y&X, co) = 0,(X, 00) = 0 (42a,b) 

and YZ and 0, must match with the solution for the 

viscous sublayer as Y -+ 0. 
For the viscous sublayer, the following expansions 

will be made : 

qrz, P; I-) = q&z, P) + I-*&?, P) 

+ r29&T, P) +qP) (43) 

G(r?, P ; r) = t3o(X, P) + r&(2, P) 
+ r%,#, P) +qr3). (44) 

Substituting equations (43) and (44) into (28) and (29) 
and equating the different order in r yields the 
following linear sub-problems for the viscous sublayer. 

The$rst-order problem for the viscous sublayer. The 
governing equations are 

^ ^ 
Yoii = o,i+Y’,ffii (45) 

0 -0 OYY - (46) 

subject to the boundary conditions 

3,(8,0) = q,,-(8,O) = 0, 6,(8,0) = 2” ($7a,b,c) 

and q0 and 6, must match with the solution for the 
thermal layer as Y-+ co. 

The second-order problem for the viscous sublayer. 
The governing equations are 

iP1ii = G1t+qliitf (48) 

0 -0 lff - (49) 

subject to the boundary conditions 

9,(8,0) = q,,@,O) = 0, G1(8,0) = 0 (50a,b,c) 

and q1 and Q1 must match with the solution for the 
thermal layer as Y + co. 

The third-order problemfor the viscous sublayer. The 

governing equations are 

9 *y1? = &i + q’zicii (51) 

&ii = @)a9,f-6,p$‘of (52) 

subject to the boundary conditions 

qZ(T?, 0) = qZ,@, 0) = 0, 6,(8,0) = 0 (53a,b,c) 

and 3, and G,z must match with the solution for the 

thermal layer as Y - co. 

4. MATCHING PROCEDURES 

We now obtain solutions to the thermal layer and the 

viscous sublayer by asymptotic matching procedures. 

Thejirst-order solution for the thermal layer 
Equations (34) and (35) with boundary conditions 

(36) are identical to the boundary-layer approximation 
for free convection in a porous medium adjacent to a 
heated vertical semi-infinite plate based on the Darcy 
law as the momentum equation. It has been shown by 
Cheng and Minkowycz [ 1 l] that the problem admits a 
similarity solution of the form 

Y’,(X, Y) = xc”+ “‘2fo(q) (54a) 

@0(X, Y) = X%0(?) (54b) 

rl = x’“- 1)/Z y (54c) 

where fO(q) and g,,(q) satisfy 

f;; = sb (55a) 

(55b) 

subject to boundary conditions 

fO(0) = 0, 90(O) = 1 (56a, b) 

f b(a) = %I(~) = 0. (57a, b) 

Equation (55a) with the boundary conditions (57a, b) 
can be integrated once to yield 

fb = 90. (58) 

It follows from equations (54a), (54c), (56b) and (58) that 

as Y -+ 0, Yo(X, Y) = X”Y (59) 

which is the matching condition for the solution for the 
viscous sublayer. 

The just-order solution for the viscous sublayer 
The solution to equation(46)subject to the boundary 

condition (47~) is 

Go = 8” + B,(2)?. (60) 

To determine B,(W), equation (60) is rewritten in terms 
of the thermal layer variables as 

0, = x2 + B,(x)Y/r. (61) 
Under the condition that Go will not be more singular 
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than 00, it is required that 

B,(X) = 0 (42) 

which can also be obtained by matching (61) to (54b) as 
q + 0. It follows from equations (60) and (62) that 

Substituting equation (63) into (45) and solving the 
resulting equation subject to the boundary conditions 
(47a,b) yields 

@* = D*(X) [e--i+ E- 11 (64) 

To determine D,(X), equation (64) is now rewritten in 
terms of the thermal layer variables 

Y, = D,(x) [r e-rir + Y-r] (65) 

which indicates that to the first order, the location 
where the stream function equal to zero is displaced to 
Y = I or y = B = (Du/~)“~. In other words the 
displacement thickness produced by theviscous effect is 

equal to (Da/b) tjz which is a constant and independent 
of x. Expanding equation (65) for I’ --f 0 gives 

Y, = ct,(X)Y. (66) 

Matching equation (66) with (59) gives 

DO(X) = x” (67) 

The second-order solution for the viscous sublayer 
The solution to equation (49) subject to the boundary 

condition (50~) is 

6),(X, 3) = S,(8)?. (68) 

From equations (44), (61), (62) and (68) the two-term 
expansion of 6 for the viscous sublayer is 

6 = a,@, P) + l-6 ,(8, P) 

= X”+I-@r(X)?] +O(I’). (69) 

Rewriting the above equation in terms of the thermal 
layer variables yields 

0 = X”+Br(X)Y as Y --+ co. (70) 

On the other hand, the one-term soiution of 0 for the 
thermal layer as given by equations (31b) and (54~) is 

0 = 00 = X”g,(q). (71) 

Rewriting the above equation in the viscous sublayer 
variables and expanding for I -+ 0 gives 

@ = W”+d(3”-‘)i2y~(0)IP as Y -+ 0. (72) 

Matching equation (72) with (70) gives 

B,(X) = X@:-- ‘“2g#). (73) 

Substituting equations (68) and (73) into (48) and 
solving the resulting equation subject to the boundary 

conditions (50a,b) yields 

where Or(X) remains to be determined. 
From equations (43), (65), (67) and (74), the two-term 

solution of @ for the viscous sublayer is 

3 = 9,+r9, 

=8”[e-i+f’-1]+rD,fX)[e-i+P-l] 

(75) 

Rewriting the above equation in terms of the thermal 
layer variables and expanding for I --* 0 gives 

y = 

C 

x”y f dm x(3”- lb12 y2 

2 1 
+r[-X”+D,(X)Y]+O(I-*). (76) 

The si~o~d-order solut~oF~ for the tber~al layer 
Equations (37)and(38) are to be solved subject to the 

boundary conditions (39) and the matching conditions 

Y*(X,O) = -x” (77af 

@,(X,0) = 0 (77b) 

where equation (77a) is obtained from equation (76) as 
Y -+ 0 while equation (77b) is obtained from equation 
(70). It can be shown that equations (37) and (38) subject 
to the boundary conditions (39) and the matching 
conditions (77) admit a similarity solution of the form 

Y&X, Y) = -X%(pJ) (78a) 

0,(X, Y) = -x’3”~r)Qy,(~) (7gb) 

where fi(@ and g*(q) are determined from 

(80) 

subject to the boundary conditions 

.f,(O) = 1, s,(O) = 0 @lab) 

f;(m) = Y,(W) = 0. (82ab) 

For the special case of i, = 0, equations (79)-(82) give 
g1 = 0 and fi = 1. Consequently, Y r = -X” and 
0, = 0, i.e. second-order corrections in temperature 
for the thermal layer are zero. 

To determine Dl(X) in equation (74), equation (78a) 
will be rewritten in terms of the viscous sublayer 
variables and then expanded for small I’ to give 

Y*(X,Y) = -x~-X(3~-‘)‘2f;(0)Y+ . . . . (83) 

whereequation(81a) has beenused.Thus, the two-term 
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expansion for Y in the thermal layer, as r -+ 0 is 

y = x”y+ !ipx’““-lw2y2 

_r[x”+X(3”-1)/2 f;(O)Y + . . .] + C(I-‘). (84) 

Matching equations (84) and (76) leads to 

Oi(X) = -x(3”- ‘“‘f;(o) = 0 (85) 

since f’,(O) = 0 which can be obtained by integrating 
equation (79) with the aid of equation (81b). 

The third-order solution for the viscous sublayer 
Substituting equations (63) and (66) into (52) and 

solving the resulting equation gives 

8*(X, Y) = A2(rZ)+B2(~)P+182”-1[P2/2-e-i]. 

(86) 

Imposing the boundary condition (53~) yields 

A,(X) = 1P-1. (87) 

To determine the function B,(X) in equation (86), the 
three-terms solution for the viscous sublayer will now 
be rewritten in terms of the thermal layer variables as 

o= 6,+r61+r262 

[ 

1x2”- 1 

= X”+X’3”-1)/2gb(O)y+ ~ Y 
2 1 

+r~,(x)Y+r~~x~~-~+qr~). (88) 

On the other hand, the two-term solution of 0 for the 
thermal layer is 

o=o,+ro, 

= x"gO(t+rx(3A-l)'2 gl(rl)+qrz). (89) 

Rewriting the above expression in terms of the viscous 
sublayer variables and expanding for small r yields 

@ = x”+x’3”- r)Q gb(O)y+@2”-1 g;(O)yz 

-r[x 2"-lg;(o)Y)+o(r2). (90) 

Matching equations (88) and (90) gives 

B,(X) = -x2”-‘g\(O) (91) 

g;(o) = 1. (92) 

It is relevant to note that equation (92) could have been 
obtained from equation (55b) with the aid of equations 
(56a, b). Substituting equations (87) and (91) into (86) 
leads to 

G2(X,Y)=nX*“-’ 1++ 
[ 1 

-P-lg\(O)P. 

(93) 

To determine q2, equations (86) and (87) will now be 
substituted into equation (51). The resulting equation 
subject to the boundary conditions (53a, b) has the 

following solution 

q2(8, P) = D,(8) [e-r + P- l] + B2(8)P2/2 

+1 

p-1 

6 P3 (94) 

where B,(8) is given by equation (91) and D2(8) 
remains to be determined. It follows from equations 
(64), (67) (85), (74) (91) and (94) that the three-term 
solution of Y for the viscous sublayer is 

Y= r\E,+r2~,+r3~2+qr4) 

=rrZA[cf+P-l]+r 

xp-wp2 

1 1 
+p ~,(~)[~-f+p_-l] 

g;(o) -__ 
2 

22L-1 P2+;221-1p) +qr4). 

I 
(95) 

Rewriting the above equation in terms of the thermal 
layer variables and expanding for small r gives 

Y’XX” y+gb(O)x 
[ 2 

(31-l&? y2+~x2i-ly3 

1 

-r xA+~x'"-'Y2 +r2D,(x)Y. (96) 
[ 1 

The third-order solutionfor the thermal boundary layer 
The matching conditions of the third-order 

equations for the thermal layer can be obtained from 
equations (93) and (96) which give 

@,(X,0) = Ax2”-’ (97a) 

Y,(X, 0) = 0. V-4 

Substituting equations (54) and (78) into (40) and (41), it 
can be shown that the resulting equations, subject to the 
boundary conditions (42) and the matching conditions 
(97), admit a similarity solution of the form 

Y,(X, Y) = x(3”- ‘“2f2(n) (98a) 

0,(X, Y) = X2”_ ig2(r/) (98b) 

wheref,(v) and g2(n) are determined from 

f’; = g; +f’b” (99) 

g; = ng,f; + (2n - l)g*fb - 3$lf2gb 

A+1 
- ,-fog; + 

31-l 
,-s1f; -v&l (lfw 

‘ L 

subject to the boundary conditions 

f,(O) = 09 92(O) = 1 

.&(a) = 92(a) = 0. 

Rewriting equation (98a) in terms 

(lOla,b) 

(102a,b) 

of the viscous 
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sublayer variables and expanding for small I- gives 

Y’, = l-x= ifi + yxZ”- ‘f;(o) 

= YXZ” - ‘f;(o) (103) 

where equation (101a) has been used. Matching 
equations (96) and (103) yields 

D2(X) = x *A- ‘f;(O) = 21x2”- 1 (104) 

where equation (99) has been used. 

5. THE EIGENVALUE PROBLEM 

The possible existence of the eigenfunctions 
associated with the higher-order problems for the 
thermal layer will now be investigated. Note that the 
homogeneous parts of the higher-order equations for 
the thermal layer as given by equations (37) (38), (40) 

and (41) are of the form 

Y mrr = OmY (105) 

0 mrr = (%xYfnr + %XY0,)-(@0rY,X + %rYclX)> 

(106) 

subject to the homogeneous boundary conditions 

0,(X, 0) = Y,(X, 0) = 0 (107a,b) 

0,(X, co) = Y,(X, 03) = 0. (108a,b) 

With the exception of the boundary condition (108b), 
equations (105H108a) are identical to the eigenvalue 
problem considered by Cheng and Hsu [ 121. Following 
the procedures given in that paper, it can be shown that 
the eigensolutions are of the form 

y = p+ 1)/2+1(1- 1"2lL%"f,(~) 

@,= X~+wu/21bzgm(ll) 

(109a) 

(109b) 

where n is given by equation (54~). Substituting 
equations (109a,b) into (105)-( 108) leads to 

.r: = s:, (110) 

(111) 
subject to the boundary conditions 

f,(O) = g,(O) = 0 (112a,b) 

f,(a) = %I(~) = 0. (113a,b) 

As in the previous paper [12], it will now be shown that 
Y’,, and OoX are the eigenfunctions for the problem for 
I = 0, i.e. 

(114a) 

(114b) 

To show that equations (114a,b) are indeed the 
eigenfunctions for I = 0, equations (114a,b) are 
substituted into (105)-(108). It is found that equations 
(114a,b) satisfy (105) and (106) unconditionally, and 
that they satisfy boundary conditions (107) and (108) 
only if i = 0. A comparison of equation (114a,b) and 
(109) for 1 = 0 leads to 

P, = 2 (115a) 

fm = (fo - rlfb)P (115b) 

gm = -V&/2. (115c) 

Equations (115b,c) are identical to the eigenfunctions 

obtained in the previous paper [12]. A comparison of 
equations (108a,b) and (66) and (67) of the previous 
paper [12] shows that 

(L--l)/?, = -(J.+l)cc, (116) 

where tl,s are the eigenvalues in the previous paper 
[12]. Under the condition of equation (116), equations 
(110) and (111) are identical to (68) and (69) of the 
previous paper. Since IX,,, as a function of 1 has already 
been computed [ 12],fi, can easily be determined as a 
function of I according to equation (116). The results of 
these computations are listed in Table 1 which shows 
thatu,=/$,=2fori=Oand/3,>2for1>O.Asin 
the previous paper [ 121, the multiplicative constants 

associated with the eigenfunctions cannot be de- 
termined without a detailed analysis of the leading edge 
effect which is beyond the scope of this work. For this 
reason, the perturbation series is truncated to the term 
where leading edge effects begin to appear. It follows 
that for the thermal layer 

(i) 1 = 0: 

Y = Y’,+rY’,+qP log r) 

0 = o,+ o(P i0g r) 

(ii) i > 0: 

(117a) 

(117b) 

Y= ~',+r~,+P~',+qr3) (118a) 

o= oO+ro,+r202+qr3). (118b) 

It is relevant to note that the truncated terms for 2 = 0 is 

of o(r2 log r) since the eigenfunction for this case is of 
the order of r2, which is of the same order as the next 
term in the postulated expansion [13]. Substituting the 
first, second and third-order solutions for the thermal 

Table 1. Eigenvalues 

1 -l/3 0 0.1 l/3 l/2 314 
a: 1.0 2.0 2.181 2.500 2.666 2.857 

Bm 0.5 2.0 2.62 5.0 8.0 19.83 

*Values taken from Cheng and Hsu [12]. 
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layer in equations (117)-( 118) gives 

Y = $/E = 
{ 

x’” + ‘“2fe($ - l-x” + O(l-2 log l-), A=0 (119a) 

~(~+l)‘~f~(~)-rxlf~(tl)+ r*~(3~-~)'*f~(tj)+qr~), 1 > 0 (119b) 

/I=0 
o=e= 

{ 

x%,(q) + 00-2 log f-), (120a) 

xAg,(q)-rx(3~-l)'*g,(~)+r2x2"-l g2(v)+qr3) a > 0. (120b) 

Similarly, if the perturbation series for the viscous sublayer is truncated to the same order, the stream function and 
temperature are given by 

1 

~1~~-i.+p_ll+rgb(o)R’31-“/*P*+ 
2 

. ..) I =O (121a) 

lj = $/a = 
~“[e-‘+P-fl+rgbog 

2 
(32-l)/2P*+r2{2~8*1-l(e-i+P_1) 

g;(O) p- 1 p2 + ; gzi- 183 ) + . . . ) -~ 
2 

1 >0 (121b) 

@=e= 
~i+r~(31-1)'*gb(o)P+..., 1=0 (122a) 

8~+r8~3~-1~~2~~(0)8+r2{~821-1-S2a-1g;(o)P+~821-1~E2/2-e-~]~+..., 1 >o. (122b) 

6. RESULTS AND DISCUSSION 

Higher-order solutions for the thermal layer 
Higher-order solutions for the viscous sublayer are in 

terms of the algebraic and exponential functions which 
can easily be computed. However, higher-order 
solutions for the thermal layer are in the form of 
ordinary differential equations with two-point boun- 
dary conditions that must be integrated numerically. 
The numerical solutions of these higher-order 
equations for selected values of 1 were carried out by the 
Runge-Kutta method with shooting procedures. The 
missing values of g;(O), g;(O) and g;(O) as determined by 
this method for selected values of 1 are listed in Table 2 
for future reference. 

Figure 1 shows that the value off1 are positive for all 
q. The variations off;(a) and gr(q) as a function of q are 
presented in Fig. 2 which shows that both of these 
quantities are negative. Because of the negative signs in 
front of these quantities in equations (78a,b), higher- 

order corrections to both the vertical velocity and 
temperature are positive for the thermal layer. The 
variation ofg;(q) is presented in Fig. 3 where it is shown 
that g; is negative at the wall and at small values ofq ; its 
value becomes positive at some intermediate value of 9 
and approaches zero asymptotically at large q. For the 
case of 1= 0, f; = gl = 0 andf, = 1 which are shown 
as straight lines in Figs. l-3. The second-order 
functionsf,(n), g*(n) andg;(q) are presented in Figs. 4-7, 
where it is shown that f2 is always positive while the 
signs of g2 and g; depend on the value of q. 

Uniformly valid solutions 
Uniformly valid solutions for stream function and 

temperature can be constructed by adding the inner 
and outer solutions and subtracting the common terms 
(i.e. the matching terms). For this purpose, equations 
(121a,b) for the viscous sublayer (i.e. the inner solution) 
are now rewritten in terms of the thermal variables to 
give 

J x”[r e- Y/r+y_r]+~x(3~-l)/*y*+qr* log l-1 a=0 

C*IEli*ner = 

I x”[r e- sm Y/r+ y--q+ p_@32-1)/2 y2+2~x*“-l[r3e-Y/‘+r*y_r31 

2 

g;(o) _r_x*~-ly*+~x*~-ly)+qr4), 
2 

1>0 

CQlinner = 
{ 
x"+x(3A-1)/2gb(o)Y+qr* log r), A=0 

x~+x~3A-1)~2g~(o)Y+r2~x*~-~-rx2~-~g~(o)Y 

+1X2A-'[Y2/2-r2e-r'r]+qr3), 1 > 0. 

(123a) 

(123b) 

(124a) 

(124b) 
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Table 2. Values of gb(O), y’,(O) and y;(O) 

i, = 0 i = 0.1 1 = l/3 i = l/2 1, = 314 

A(O)* - 0.4437 -0.5235 -0.6776 - 0.7703 -0.8923 
g\(O) 0 -0.07897 - 0.2049 -0.2822 - 0.3926 
GO) t 0.2036 0.2613 - 0.6406 - 1.323 

* Values taken from Cheng and Hsu [ 121. 
t Value cannot be determined without a detailed analysis of the leading edge effect. 

To obtain the matching terms, the above equations are expanded for F + 0 (i.e. 9 + co) 

x”[y_r]+yb(o),(3~-1),* y*+qr* log r), A=0 
2 

[*I&I matching = 

I 
xL[y_rI I g~x’3”-1,12y2+2~x*~-~cr*y_r3~_r~x*~-~y2 

+~x2”-1y3+qr4), I>0 6 

f xA +x@- l)‘* gb(o)r + o(r* log r), 
I31 matching = 

I 

I 
XL +x(3”- I)‘* gb(o)r + {r2ix*2 

1=0 

~l-rxZ”mlg;(o)Y + ;x*“-~Y*), I. > 0. 

Thus, a composite solution (which is uniformly valid) 
for stream function can be obtained by adding 
equations (119a,b) to equations (123a,b) and subtract- 
ing equations (125a,b) to give 

A. = 0: Y’, = X~“+l~~Z{f,(~)-Pn,[l-e-~‘P”~]} 

+ O(Pnz log Pn,) (127a) 

1 > 0: Y’, = X@+l)‘* {fo(r)-Pn,[f,(q)-ee-“‘P”“] 

+Pnlf2(q)+ 2i Pnz emqiPn=} +O(Pz) 

(127b) 

where Pn, is the no-slip parameter defined as 

pn, = rx@ - 1)1* = J(K2p,~gA/~~Lafi - 1) X(2 - l)/* 

= JDa,Ra, 

with Da, z KJX* and Ra, = p,KfigAx”+ ‘/pa denot- 
ing the local Darcy number and the local Rayleigh 

(125a) 

(125b) 

(126a) 

(126b) 

number. It follows that a composite solution for the 

vertical velocity can be obtained by differentiating 
equations (127a,b) with respect to y to give 

+O(Pnz log Pn,) (128a) 

l>O: 
WC 

P,SBwiw - K) 
= [fb(q)-e-q’P”=] -Pn,f;(q) 

+Pne[f;(rl)-21e~q’P”-]+O(Pr~). (128b) 

Equation (128b) for 1 = 0.5 and Pn, = 0.3 is presented 
in Fig. 8, where it is shown that higher-order 
corrections to the vertical velocity are positive. 

Similarly, a composite solution for temperature can 
be obtained by adding equations (120a,b) to (123a,b) 

? 
0 I 2 3 4 5 b 7 

FIG. 2. g1 and f; vs q. 



Brinkman model for natural convection 693 

FOG. 3. g’, vs 9. 

and subtracting the matching terms given by equations 
(126a,b) to give 

1 = 0 : 0, = X”g&) + o(Pn,” log I+?,) 

2” ’ 0 : 0, = X”fQ*(?~ - hQ,(?) + Pn,ZEg,(r) 
-Aemg'Pnx]}+O(Pn~). (129b) 

Equation (129b) for ,I = 0.5 is shown in Fig. 9 where it is 
seen that the higher-order corrections to the 
temperature profile are also positive. 

To illustrate the effects of the no-slip parameter Pn, 
on the vertical velocity profile and temperature, 
equations (128b) and (129b) are plotted in Figs. 9 and 10 
for L = 0.5. The solid lines in these figures are the 
solutions based on Darcy’s law [ 1 l] where the viscous 
effect on the impermeable surface is neglected. This 
corresponds to Pn, = 0 in the present work. Figure 9 
shows that the slip flow exists for the solution based on 
Darcy’s law. As the no-slip parameter increases from 
zero, the maximum vertical velocity in the viscous 
sublayer begins to decrease from that of the slip velocity 
predicted by Darcy’s law. The location at which the 
maximum buoyancy-induced velocity occurs is shown 
to increase from n = 0 (at the wall) to a finite distance 

1.6 

1.4 

1.2 

1.0 

f, .a 

.6 

.4 

.2 

0 
0 I 2 3 4 5 0, 7 

? 

FIG. 5. g2 vs ‘1. 

I / 

0.A 
t 

FIG. 6. g; vs 11. 

X~O.5 P,,=O3 

I 

- First -Order Thewy 
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0 71 

ll;i;06i c 

c 

FIG. 4. f2 vs q. 
FIG. 7. Higher-order theory for vetocity paratlei to the heated 

plate. 
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77 

FIG. 8. Higher-order theory for temperature profiles. FIG. 10. Boundary elects on the temperature profifes. 

away from the wall as Pn, is increased from zero. The 
slow down of the buoyancy-induced velocity near the 
wall decreases the heat transfer rate, and ~on~quently 
increases the temperature near the heating surface. This 
is shown in Fig. 10 for the case of d = 0.5. 

The surface heat flux can be computed according to 

(130) 

““h-_---i 

FIG. 9. Boundary efkcts on the velocity parallel to the heated 
plate. 

Substituting equations (122a,b) into (130) yields 

N% 
JRa,= 

1 

-96(O) + o(Pn, log Pn,), A=0 (131a) 

-gb(O)-Pn,[~-9;{0)]+OfPn~), 1> 0 fl3lb) 

where Nrt, is the Iocaf Nusseit number defined as Nu, 
= ~~/k(~~ - ?‘,). Equation (131) for selected values of I 
are presented in Fig. 11, where it is seen that the surface 
heat flux for 1> 0 decreases as Pn, is increased. To see 
the effect of the local Darcy number on heat transfer 
rate, equation (131b) is rewritten as 

Nu, = -gb(O)JRa,-[~-g;(O)]Ra,JDa, (132a) 

or 

Nu, = C,(L)JRa, - C,(I)Ra,JDa, (132b) 

when C,(A) = -g&(O) = -&(O) and C,(A) = L--y;(O). 
Equation (132) is plotted as Nu, vs Rra, in Fig. 12 at 

FIG. 11. Boundary effects on the local Nusselt number. 
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FIG. 12. Effects of the local Darcy number on the local Nusselt 
number. 

constant values of Da, for selected values of 1. It is seen 
that the value of the local Nusselt number decreases 
from that predicted based on Darcy’s law as the value of 
Rax, Da, or 1 is increased. 

The total thermal energy that is convected away at X 

is 

Q=p,C ccI-- 
s 

u(T- Tm) dj. (133) 
0 

Substituting the leading term ofequations (128a,b) and 
(129a,b) into equation (133) yields 

where we have made use of equation (55b). For a 
vertical plate with a height 1, the total heat transfer from 
the plate is equal to the total thermal energy that is 
convected away at X = 1. Thus, the total heat transfer 
rate for a vertical plate with a height 1 is given by 
equation (133) with X = 1, i.e. 

(135) 

where P, = ,/DaRa with Da = K/l2 and Ra = 
pmK/3gAl’t1/,uct. It is interesting to note that the 
integral in the last term of equation (135) represents the 
no-slip (or boundary) effect. The average Nusselt 
number as obtained from equation (135) is 

Nu = Q 
mv--Tm) 

= (1 + 1)3’2Ra1’Z [-$$-~~&n)e-V/P-ds] 

02 03 

P” 

FIG. 13. Boundary effects on the average Nusselt number. 

NU 

Ra’,2 2t+ 43’2 
[ 1 

31+1 c-sb(ON 

31+1 m 

= l- 2C--dml s 
go(v) e -rl’pn dn (136b) 

0 

where 

1 l_ 

s 

_ Al” 
(T,-%)=I o(T&T,)dx=(d+ 

Equation (136b) as a function of P, for selected values 
of 1 is plotted in Fig. 13, which shows that the average 
heat transfer rate decreases as the value of P, is 
increased. The results presented in Fig. 13 are replotted 
in Fig. 14 for the average Nusselt number as a function 
of both Ra and Da. The solid straight lines in Fig. 14 
represent the solutions based on Darcy’s law [ll]. It is 
shown that the higher the value of Da, the lower the 
value of Ra at which the value of Nu begins to deviate 
from that of the straight line. 

7. CONCLUDING REMARKS 

The following conclusions may be drawn from the 
present analysis : 

(1) A new parameter Pn, emerged from the present 

100 

FIG. 14. Effects of the Darcy number on the average Nusselt 
number. (136a) 
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work for natural convection in a porous medium. The 
parameter Pn, is defined as 

Pn, = (Ra,Da,) ‘I2 = (Gr,PrDa,)“’ 

where Gr, = Kgfi( T, - T,)x/v is the modified Grashof 
number in a porous medium. Physically, the value of 
Pn, can be considered as the local thickness ratio of the 
viscous sublayer to that of the thermal layer, i.e. 

Pn = local viscous sublayer thickness 
X 

local thermal layer thickness 
(138) 

Thus, the formulation of natural convection heat 
transfer problems in a porous medium based on 
Darcy’s law, where the viscous sublayer is neglected, 
corresponds to Pn, = 0. Consequently, the results 
based on Darcy’s law are accurate only if Pn, cc 1. 

(2) The no-slip boundary conditions have a drastic 
effect on the streamwise (vertical) velocity component 
near the wall with a lesser effect on heat transfer 
characteristics. The viscous effect on the boundary slow 
down the buoyancy-induced flow near the wall. For 
Pn, = 0, i.e. the Darcian flow, the maximum vertical 
velocity occurs at the wall resulting in a slip flow. As the 
value of Pn, is increased from zero, the maximum 
vertical velocity decreases from the slip velocity. The 
distance from the wall, at which the maximum vertical 
velocity occurs, is increasing with the value of Pn,. 

(3) For Pn, c 1, the local Nusselt number is found to 
be of the form 

Nu 
x = C,(I)-C,(I)Pn, 
(Ra,)‘12 

(139a) 

which can be rewritten as 

Nu, = C,(L) (Ru,)“~ - C,(A)R~,(DU,)“~ (139b) 

where C,(L) and C,(J) are positive constants with 
magnitude of the order of O(1); their values depend on 
the wall parameter 1. For the case of isothermal plate 
(,? = 0), C, = 0 and equation (139) reduces to that given 
by Cheng and Minkowycz [ll] which is based on 
Darcy’s law. 

(4) For 1 > 0, theoretical results for the local surface 
heat flux based on Darcy’s law formulation become 
inaccurate as the value of Pn, >> 1. It follows from 
equations (137a,b) that this occurs when either Ra, or 
Da, becomes very large. Since both Ra, and Da,depend 
on x, equations (137a,b) suggests that Pn, >> 1 occurs 

for large x if 1 > 1 and for small x if A: < 1. The latter 
case corresponds to the location near the leading edge 
for an isothermal wall (A = 0), which are in qualitative 
agreement with the numerical studies of Vafai and Tien 
[9] for forced convection porous layers and Evans and 
Plumb [lo] for natural convection in porous layers. 

(5) Although the first-order correction to the local 
Nusselt number is identically zero for an isothermal 
vertical flat plate (with i = 0), its first-order correction 
to the average Nusselt number is negative, resulting in a 
decrease in the total heat transfer rate. 
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LE MODELE DE BRINKMAN POUR LA CONVECTION NATURELLE AU VOISINAGE 
D’UNE PLAQUE PLANE, VERTICALE, SEMI-INFINIE DANS UN MILIEU POREUX 

R&sum&-On utilise le modile de B~nkman pour l’&ude tht5orique des effets de frontiere dans une convection 
naturelle en milieu poreux adjacent ;i une plaque verticale semi-infinie avec une variation de tempkrature selon 
t,,,ct,Y. On montre que les tquations adimensionnelles du mod&e contiennent deux paramitres E = (Ra)“’ et 
o = (Du/~)“~ oti Ra et Da sont les nombres de Rayleigh et de Darcy basis sur une longueur de rkfkrence et 4 
la porositB. Pour la limite E + 0,~ -+ Oet (r << E, une solution de perturbation est obtenue &pa&r de la mCthode 
des d~velop~ments asymptotiques. Le problkme physique peut 6tre visual% en trois couches: une sous- 
couche visqueuse adjacente $ la surface chaude, avec une epaisseur de l’ordre O(o); une couche thermique 
intermkdiaire d’tpaisseurd’ordre O(E); et une r&on d’&coulement potentiel dBpaisseurd’ordreO( 1). On trouve 
que le probltme du premier ordre de la couche thermique est identique g celui bask sur la loi de Darcy avec 
Bcoulement de glissement, dont la solution a d&j& &i: obtenue. Des solutions composites pour la fonction 
d’&couiement et la temperature, uniform~ment valables partout dansIe~hamp~~couiement,sont construitent 
& partir des solutions de la couche thermique et de La sous-couche visqueuse. Un nouveau paramitre Pn, 
= (Ra, Da,)“‘, avec Ra, et Da, ttant les nombres de Rayleigh et de Darcy locaux rapport& i X, est trouvb btre 
une mesure de I’effet de frontiere. On montre que l’effet visqueux sur la limite a un effet important sur la 
composante longitudinale de vitesse pr& de la paroi avec un moindre effet sur les caracttristiques de transfert 
de chaleur. En g&&al, l’effet de fro&&e sur le nombre de Nusselt local devient plus prononct quand les 

valeurs de Pn,, Ru, ou Da, augmentent. 

DAS BRINKMAN-MODELL FtSR NAT~RLICHE KONVEKTION AN EINER 
HALBUNENDLICHEN SENKRECHTEN PLATTE IN EINEM POR&EN MEDIUM 

Zusammenfassung-Das Brinkman-Model1 wurde angewandt fiir die theoretische Untersuchung von 
Begrenzungseinfliissen bei der natiirlichen Konvektion in einer poriisen Schicht, die an eine halbunendliche 
senkrechte Platte angrenzt. Die Wandtemperatur-Verteilun~ gehorcht dabei einer Poten~unktion von der 
Form T, - 2’. Es wird gezeigt, da5 die dimensionslosen Gleichungen fiir dieses Model1 die beiden Parameter 
E = (Ra)“’ und B = (OU/~)“* enthalten. Ra ist die Rayleigh-Zahl, Da die Darcy-Zahl und d, die Porositlt. Es 
lP5t sich veranschaulichen. da5 das physikalische Problem aus drei Schichten aufgebaut ist : eine innere 
viskoseUnterschichtanderHeizfl~chemiteinerDickevonderGrG5enordnungOfa);einemittlerethermische 
Schicht mit einer Dicke O(E); und das IuBere Potent~aistr~mungs-Gebiet mit einer Dicke o(1). Ein neuer 
Parameter Pn,-definiert als Pn, = (Ra, Da,)“* , mit Ru,und Da,alsder Rayleigh- bzw. Darcy-Zahl und x‘als 
Bezugsllnge-stellt ein MaB fiir den Begrenzungseffekt dar. Der Reibungseffekt an der Begrenzung hat 
drastische Auswirkungen auf die Geschwindigkeitskomponente in Str(imungsrichtung in Wandnlhe,jedoch 
geringere Einfliisse auf den Wiremiibergang. Der Begrenzungseffekt vermindert die Auftriebsstrijmung und 
damit such den W~rem~bergang. Die iirtfiche Nussett-Zahl hat die Form ~~~/(Ru~)“~ = C, -C, Pn,, wobei 
C, und C, von 1 abhlngen. Ganz allgemein wird der Einflu5 der Begrenzung auf die iirtliche Nusselt-Zahl fiir 

zunehmende Werte von Pn,, Ra, und Da, stlrker. 

MOAE.JIb 6PMHKMAHA JJJIR ECTECTBEHHOfi KOHBEKQMM Y 
flOJIYOI-PAHMYEHHOfi BEPTMKAJIbHOfl fUl0CKc-o~ LJIACTMHbI, 

flOMEqEHHOI;I B flOPMCTYK3 CPEAY 

AaHoTa~~-~ns TeOpeTiiYeCKOt-O M3yqeHU8 r~H~Y~bJX 3++eKTOB JJfSi eCTeCT3eHNO~ KOHBeK~~ B 

JJOpilCTOM CnOe, JJpWJeraiOJUeM K JJOnyOrpaHWieHHOii BepTNKanbHOii JUJiiCTHHe C lS3MeHRiOJl,eiiCn ,I0 

CreneHHoMy 3aKOHy TeMJJepaTypOii CTeHKH (Twiiwrxm") JlpliMeHseTCJi MOAenb 6pSiHKMaHa. nOKa3aH0, 

q~o 6elpa3MepHble onpenennmwie ypassesm. OCHOBaHHbIe Ha 3TOii MOAenH, CO&epmaT ABa 

JlapaMeTpa r:=(Ra)l * H 0 =(L?iz/f$)'2, me Ra II Da-rncna P3nenea R Aapcu, OCHOBaHHble tia 

OTHOC~TenbHO~~~~e,~-OOp~~OCTb.~ns~ - 0. ET + 0 a 0 Q c nonyreao pememfe 3anaru MeTonoM 

B03MYUeHHfi, rXpll MCflOnb30BsHZ1U MeTOlls Cpalull6aeMbIX aCAMJJTOTHYeCKHX pa3,JOmeHHti. c (PA3&,- 

qecKoii TOYKH 3pewin 3anaw COCTOHT NJ Tpex cnoes: BHyTpeHmiii B513mR noncnoii, npmeramuud 

K Harpesaetdofi J,‘,Be,,XHOCTM, c Tonuranoii nopnaKa O(o); cpenmffi rennosofi cnoii. TonJ.uJ.iHa 

KOTOPO~O O(i:); H 06naCTb BHe(UHer0 nOTeHuNanbHOrO TeYeHIts c TonwiHoii O(1). Hafinetio, YTO 

Kpaesaa 3anara nepeoro pona im TennoBoro cnorr ~~eHr~qH~ 3ayaye, ocHo~HH0~ Ha 3aKoHe 

aapck4 c np0cKanb3bJsamwiM no~o~otd, peluewe ~0~0p0ti nonyYeH0 paeee. M3 perneed ,mn 

Tennosoro cnoaw sfl3Koronomnos nonyqeHbJcocTaeHbJepelueHHaana~y~~u1(HToKaMTeMnepaTypbJ, 

omHaKoB0 cnpaeennmbJe no BceMy nom0 Teqews. Hosbrti napaMerp Pn,. 0npenenseMbJii KaK 

Pn, = (Ra,, Da,)’ ‘. I-Re Ra, It Da, 03Ha9al0T JIOKanbHble 'JNCna P3JJtnes W AapCti, OCHOBaHHbIe Ha i, 

smwie*m Mepoit ~~a~~~~o~o w#@eKTa. nOKa3aHO. YTO BIISKOCTHbJti S+$eKT Ha rpastrue OKa3bmaeT 

pe3KOe BnNXHUe Hit KOMJIOHeHTy CKOpOCTII, HaJJpaBneHHyJO JIO TeqeHMJO, B6IJH3H CTeHKfl II MeHbU,e 

6n5iaeT Ha xapaxrepscTnKu rennoo6Mesa. rpawua 3aropMawfeaeT TeYewie, sbJ3Bamoe nonbemioii 
CHnOti. H B pe3yJlbTaTe ,'MeHbllIaeTCs TeJlJIOO6MeH. HatineHo, 'IT0 MeCTHOe WCJJO HyCCenbTa 

OJJpGWJseTCs COOTHOLJJeHAeM NI(,/(RU,)' 2 = CI - Cz Pn,,. rae 3Haqemist C, M C, 3amfcsT 0~ i. 

&?S ~3OTep~~qeCKO~ BepT~KsnbHO~~~aCT~HbI(~ =O)JJOJJpaBKa JJepBOfO JJOpW,Ka K MeCTHOMy YHCfiy 

Hyccenbra paBHa HynEO, T.e. c2 = 0. BXHXHW fpaHAUbI Ha MecTHOe YMCnO Hyccenbfa CTaHOBHTCIi 

6OJlee BbIpaXeHHblM C pOCTOM PtJ,, Ra,. Da,. 

SNT 28:3-L. 


